Abstract. We study the J-invariant and J-anti-invariant cohomological subgroups of the de Rham cohomology of a compact manifold M endowed with an almost-Kähler structure (J, ω, g). In particular, almost-Kähler manifolds satisfying a Lefschetz type property, and solvmanifolds endowed with leftinvariant almost-complex structures are investigated.
Introduction
Cohomological properties of compact complex, and, more in general, almostcomplex, manifolds have been recently studied by many authors, see, e.g., [3] , respectively [11, 12] , and the references therein. The study of the cohomology of almost-complex manifolds is motivated, in particular, by a question of Donaldson's, [10, Question 2] , relating the tamed and compatible symplectic cones of a compact 4-dimensional almost-complex manifold, see, e.g., [20] , and by the analogous question arising for compact higher dimensional complex manifolds, see [20, page 678] and [26, Question 1.7] . (We recall that a symplectic structure ω on a manifold M is said to tame an almost-complex structure J if ω x (u x , J x u x ) > 0 for any x ∈ M and for any u ∈ T x M \ {0}, and it is said compatible with J if g := ω(·, J · ·) is a J-Hermitian metric; in the latter case, the triple (J, ω, g) is called an almost-Kähler structure on M .) Following T.-J. Li and the third author, [20] , an almost-complex structure J on a 2n-dimensional manifold M is called C ∞ -pure-and-full if Iwasawa manifold. Then there exists an almost-Kähler structure (J, ω, g) on X which is C ∞ -pure and non-C ∞ -full. Furthermore, the Lefschetz type operator L ω := ω ∧ · : ∧ 2 M → ∧ 4 M of the almost-Kähler structure (J, ω, g) does not take gharmonic 2-forms to g-harmonic 4-forms.
In studying cohomological decomposition of the de Rham cohomology of almostKähler manifolds, the third author introduced a Lefschetz type property for 2-forms, see Definition 2.2. Such a property is stronger than the Hard Lefschetz Condition on 2-classes, namely, the property that [ω] n−2 ⌣ · :
We study such a Lefschetz type property on almost-Kähler manifolds (M, J, ω, g) in relation to the existence of a cohomological decomposition of H 2 dR (M ; R). More precisely, we prove the following result. Theorem 2.3. Let (M, J, ω, g) be a compact almost-Kähler manifold. Suppose that there exists a basis of H 2 dR (X; R) represented by g-harmonic 2-forms which are of pure type with respect to J. Then the Lefschetz type property on 2-forms is satisfied.
Note that, by the hypothesis, it follows,in particular, that J is C ∞ -pure-and-full and pure-and-full, [15, Theorem 3.7] . Note also that A. Fino and the second author provided in [15] several examples of compact non-Kähler solvmanifolds admitting a basis of harmonic representatives of pure-type with respect to the almost-complex structure. In [13, §2] , T. Drǎghici, T.-J. Li, and the third author ask whether such a Lefschetz type property on 2-forms is actually equivalent to C ∞ -fullness for every almost-Kähler nilmanifold and solvmanifold, without any further assumption; Theorem 2.3 and Proposition 4.1 provide results and examples in favour of a possibly positive answer to their question.
In [12, Theorem 1.1] , starting with a compact complex surface (M, J), it is shown that the dimension h of any metric related almost-complex structureJ on M (namely, an almost-complex structureJ on M inducing the same orientation as that one induced by J and with a common compatible metric), such thatJ = ±J, can be 0, 1, or 2, and a description of such almost-complex structuresJ having h
• g * ; then the following result holds.
Theorem 5.4. Let M = Γ\G be a solvmanifold endowed with a left-invariant almost-complex structure J, and denote the Lie algebra naturally associated to G by g. For any p, q ∈ N, the map j :
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C
∞ -pure-and-full almost-complex structures 1.1. Subgroups of the de Rham cohomology of an almost-complex manifolds. We start by fixing some notation and recalling some recent results on cohomological properties of almost-complex manifolds; for more details see, e.g., [20, 11, 12, 15, 1, 2, 13] , and the references therein. Let J be a smooth almost-complex structure on a compact 2n-dimensional manifold M . Denote by ∧ r M the bundle of r-forms on M ; we denote with the same symbol ∧ r M := Γ(M, ∧ r M ) the space of smooth global sections of the bundle ∧ r M . Then J extends to a complex automorphism of
Then the space ∧ r M of real smooth differential r-forms decomposes as
Therefore, there is a natural inclusion
∞ -pure-and-full and pure-and-full almost-complex structures. As in [20] , we set the following definition. ). An almostcomplex structure J on a manifold M is said to be
According to the previous notation, we will write
it is shown that, given a compact complex manifold (M, J) of complex dimension n, if n = 2 or J is Kähler, then J is C ∞ -pure-and-full, and H
. In view of this result, the subgroups H
(M ) R of the de Rham cohomology can be viewed as an analogue of the Dolbeault cohomology groups for non-integrable almost-complex structures.
In [11, Theorem 2.3] it is proven the following result.
This is no more true in dimension higher than 4: in [15, Example 3.3], a compact non-C ∞ -pure almost-complex structure on a 6-dimensional nilmanifold is constructed. Therefore, the previous theorem can be considered a sort of Hodge decomposition theorem in the non-Kähler case.
2. Cohomological properties of almost-Kähler manifolds 2.1. Lefschetz type property on almost-Kähler manifolds with pure-type harmonic representatives. Given a compact 2n-dimensional almost-Kähler manifold (M, J, ω, g), we are interested in studying the property of being C ∞ -pure-andfull.
Firstly we recall the following result. 
]).
If J is an almostcomplex structure on a compact manifold M and J admits a compatible symplectic structure, then J is C ∞ -pure.
Furthermore, A. Fino and the second author proved that an almost-Kähler manifold admitting a basis of harmonic 2-forms whose elements are of pure type with respect to the almost-complex structure is C ∞ -pure-and-full and pure-and-full, [15, Theorem 3.7] ; they also provided several examples of compact non-Kähler solvmanifolds satisfying the above assumption in [15] .
To the purpose of studying the property of being C ∞ -pure-and-full on almostKähler manifolds, we recall the following definition.
the Lefschetz type operator (on 2-forms) associated with ω. Then one says that the compact 2n-dimensional almost-Kähler manifold (M, J, ω, g) satisfies the Lefschetz type property (on 2-forms) if L ω takes g-harmonic 2-forms to g-harmonic (2n − 2)-forms.
Furthermore, we recall some notions and results from [6, 22, 27] , see also [23, 7] . Let (M, ω) be a compact 2n-dimensional symplectic manifold. Extend ω −1 : T * M → T M to the whole exterior algebra of T * M . For any k ∈ N, the symplectic ⋆ ω operator is defined as
One can prove that ⋆ 
this operator has been studied by J.-L. Brylinski in [6] for Poisson manifolds; in the context of generalized complex geometry, see, e.g., [16] , it can be interpreted as the symplectic counterpart of the operator d c := − i ∂ − ∂ in complex geometry, see [7] . By definition, (M, ω) satisfies the Hard Lefschetz Condition if, for each k ∈ N, the map We can now prove the following result. Remark 2.4. We note that if (M, J, ω, g) is a compact 2n-dimensional almostKähler manifold satisfying the Lefschetz type property on 2-forms and J is C ∞ -full, then J is C ∞ -pure-and-full and pure-and-full. Indeed, we have already remarked that J is C ∞ -pure, see Proposition 2.1. Moreover, since J is C ∞ -full, J is also pure by [20, Proposition 2.5]. We recall now the argument in [15] to prove that J is also full.
Firstly, note that if the Lefschetz type property on 2-forms holds, then
is an isomorphism. Therefore, we get that
yielding the above decomposition of H 2n−2 dR (M ; R). Then, it follows that J is also full, see, for example, [1, Theorem 2.1].
2.2.
A family of almost-Kähler manifolds satisfying the Lefschetz type property on 2-forms. Let n be the 6-dimensional nilpotent Lie algebra whose structure equations, with respect to a basis e j j∈{1,...,6}
of n * , are given by
12
(where we write e jk instead of e j ∧ e k ). Using a result by Mal'tsev, [21, Theorem 7] , the connected simply-connected Lie group G associated with n admits a discrete co-compact subgroup Γ: let N := Γ\ G be the (compact) nilmanifold obtained as a quotient of G by Γ. Note that N is not formal by a theorem of K. Hasegawa's, [17 
is a g α -orthonormal co-frame on N ; with respect to this new co-frame, we easily obtain the following structure equations:
Then,
α , are (1, 0)-forms with respect to the almost-complex structure J α , and 
(where we have listed the g α -harmonic representatives instead of their classes). Note that the listed g α -harmonic representatives of H 2 dR (N ; R) are of pure type with respect to J α : hence, the almost-complex structure J α is C ∞ -pure-and-full by [15, Theorem 3.7] ; in particular, note that 
and, by a similar computation, d * gα L ωα e 25 + e 36 = 0. This proves explicitly that ω α satisfies the Lefschetz type property on 2-forms.
The nilmanifold N is not formal by a theorem of K. Hasegawa's, [17, Theorem 1, Corollary] . The non-formality of M can be also proved by giving a non-zero triple Massey product on N , see [9] : since
we get that the triple Massey product
does not vanish, and hence N is not formal. In summary, we have proven the following result.
Proposition 2.5. There is a non-formal 6-dimensional nilmanifold N endowed with a 1-parameter family {(J α , ω α , g α )} α>1 of left-invariant almost-Kähler structures being C ∞ -pure-and-full and pure-and-full and satisfying the Lefschetz type property on 2-forms.
Remark 2.6. It has to be noted that ω α ∧ · :
is not an isomorphism.
3. Almost-Kähler C ∞ -pure-and-full structures 3.1. The Nakamura manifold of completely solvable type. Take A ∈ SL(2; Z) with two different real eigenvalues e λ and e −λ with λ > 0, and fix P ∈ GL(2; R) such that P AP −1 = diag e λ , e −λ . For example, take
and consequently λ = log
2 . Let M 6 :=: M 6 (λ) be the compact complex manifold Resuming, we have shown the following result.
Proposition 3.3. Let M 6 be the Nakamura manifold. Then there exist a complex structure J and an almost-Kähler structure (J ′ , ω ′ , g ′ ), both of which are C ∞ -pureand-full and pure-and-full. Furthermore, the Lefschetz type operator of the almost-Kähler structure (J ′ , ω ′ , g ′ ) takes g ′ -harmonic 2-forms to g ′ -harmonic 4-forms.
